Asymptotics of $L_p$-norms of Hermite polynomials and R\'enyi entropy of
  Rydberg oscillator states by Aptekarev, Alexander I. et al.
Contemporary Mathematics
Asymptotics of Lp-norms of Hermite polynomials
and Re´nyi entropy of Rydberg oscillator states
A. I. Aptekarev, J.S. Dehesa, P. Sa´nchez-Moreno, and D. N. Tulyakov
Abstract. The asymptotics of the weighted Lp-norms of Hermite polynomi-
als, which describes the Re´nyi entropy of order p of the associated quantum
oscillator probability density, is determined for n → ∞ and p > 0. Then, it
is applied to the calculation of the Re´nyi entropy of the quantum-mechanical
probability density of the highly-excited (Rydberg) states of the isotropic os-
cillator.
1. Introduction
A long standing problem in classical analysis and approximation theory is the
determination of the weighted Lp-norms
(1.1) ‖ρn‖p ≡
{∫
∆
[ρn(x)]
p
dx
} 1
p
=
{∫
∆
[
ω(x)y2n(x)
]p
dx
} 1
p
; p > 0,
where {yn(x)} denotes a sequence of real polynomials orthogonal with respect to
the weight function ω(x) on the interval ∆ so that∫
∆
yn(x)ym(x)ω(x)dx = δm,n; m,n ∈ N,
and
(1.2) ρn(x) = ω(x)y
2
n(x).
We call (1.2) Rakhmanov’s probability density of the polynomial yn(x) since this
mathematician discovered in 1997 (see [20]) that it governs the asymptotic (n→∞)
behaviour of the ratio yn+1/yn for general ω > 0 a.e. (positive almost everywhere)
on the finite interval ∆. Physically, ρn(x) describes the radial probability density
of the ground and excited states of the physical systems whose non-relativistic
wavefunctions are controlled by the polynomials yn(x) [12].
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The Lp-norms (1.1) are closely related to the frequency or entropic moments
[13,24,30]
Wp[ρn] =
〈
[ρn(x)]
p−1
〉
=
∫
∆
[ρn(x)]
p
dx = ‖ρn‖pp,
the Re´nyi entropies [23]
(1.3) Rp[ρn] =
1
1− p lnWp−1[ρ]; p > 0, p 6= 1,
and the Re´nyi spreading lengths [15]
LRp [ρn] = exp (Rp[ρn]) = ‖ρn‖
− pp−1
p .
These quantities have been applied in numerous fields from economics and
electrical engineering to chemistry, quantum physics and approximation theory,
as summarized in e.g. Refs [6–9, 16]. The study of the Lp norms of orthogonal
polynomials is of independent interest in the theory of general orthogonal and
extremal polynomials. This problem is connected with the classical research of
S.N. Bernstein on the asymptotics of the Lp extremal polynomials in [5], that has
recently received further development [17], [18]. On the other hand, its statement
is a generalization of a widely known problem of Steklov on the estimation of the
L∞ norms of polynomials orthonormal with respect to a positive weight (see [27]).
Indeed, for p = 1 the norms are bounded (they are just equal to 1); however, for
p =∞ (as it has been shown by Rakhmanov [21]) they may grow to infinity. What
happens with the boundedness of the Lp-norms of the Rakhmanov density of the
orthogonal polynomials when 1 < p < ∞ ? Our work sheds light on this issue for
Hermite polynomials.
Recently these quantities have been calculated for polynomials yn(x) with ar-
bitrary degree n by means of the combinatorics-based Bell polynomials in the Her-
mite [25], Laguerre [26] and Jacobi [14] cases; see also [8]. However, this method-
ology is computationally very demanding and analytically inefficient for high and
very high values of n.
The aim of this work is the asymptotic (n→∞) determination of the entropic
moments of Hermite polynomials, i.e.
(1.4) Wp[ρn] =
∫ +∞
−∞
[
e−x
2
H2n(x)
]p
dx; p > 0.
The solution of this problem is relevant not only per se because it extends previous
results [2–4] obtained when p ∈ [0, 43], but also because it paves the way for the
evaluation of the pth-order Re´nyi entropy of the highly-excited (i.e., Rydberg) states
of the physical systems whose radial wavefunctions are controlled by Hermite’s
polynomials such as, e.g. the oscillator-like systems.
The structure of the paper is the following. In Section 2, the asymptotics Lp-
norms of the Hermite polynomials is found for p > 0. In Section 3, these results are
applied to evaluate the Re´nyi entropy of Rydberg states of the quantum harmonic
oscillator. Finally, some conclusions are given.
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2. Lp-norms of Hermite polynomials: Asymptotics (n→∞)
In this section we find the main term of asymptotics Wp[ρn−1] (see (1.4)) when
n → ∞. Here we consider Hermite polynomials Hn(x) in the standard normaliza-
tion
(2.1) Hn(x) = (2x)
n
2F0
( −n2 , 1−n2− ;− 1x2
)
.
They satisfy the recurrence relation
Hn+1(x) = 2xHn(x)− 2nHn−1(x), H0(x) = 1, H−1(x) = 0,
and have the following norm
(2.2) hn =
∫ +∞
−∞
[
H2n(x) e
−x2
]
dx =
√
pi n! 2n .
To reach the goal we need to have good asymptotics for Hn(x) on R. The first
strong asymptotics formulae for Hermite polynomials are due to Plancherel and
Rotach [19] (see also [28]). They describe polynomials Hn when n → ∞ in the
following subdomain of R:
(2.3)
a) x =
√
2n+ 1 cosh y,  ≤ y <∞;
b) x =
√
2n+ 1 + n−
1
6 t, t ∈ K ⊂ C;
c) x =
√
2n+ 1 cos y,  ≤ y ≤ pi − .
Using Plancherel–Rotach formulae (and their generalization for Freud weights from
[22]) it was obtained [2] for the orthonormal Hermite polynomials H˜n−1(x) that
(2.4)
∫ +∞
−∞
[
H˜2n−1(x)e
−x2
]p
dx = cp(2n)
1−p
2 (1 + o(1)) , for p ≤ 4
3
,
where
(2.5) cp =
(
2
pi
)p Γ(p+ 12 )
Γ(p+ 1)
Γ(1− p2 )
Γ( 32 − p2 )
.
Using (2.2) and the Stirling’s formula, this expression together with (1.4) produces
the following asymptotics for the entropic moment of the orthogonal Hermite poly-
nomial Hn−1(x):
(2.6)
Wp[ρn−1] = cp h
p
n−1 (2n)
1−p
2 (1 + o(1)) = cppi
p(2n)p(n−1)+1/2 e−pn (1 + o(1)) .
The restriction on p in (2.4) appeared because the Plancherel–Rotach formulae in
(2.3) do not match each other, i.e. subdomains in (2.3) do not intersect. Particu-
larly, there is a gap between zone a) and zone b) in (2.3), which plays an important
role for the limit (1.4) when n → ∞. In the asymptotics of (2.4) the main contri-
bution in the left hand side integral gives the part of the integral described in a)
of (2.3). The gap between zone a) and zone b) gives the main contribution in the
integral for bigger p.
The asymptotic description of Hermite polynomials in the subdomains covering
all R was obtained not so long ago. In 1999 Deift et al [11] (see also [10]) have
obtained the global asymptotic portrait of polynomials orthogonal with respect to
exponential weights by means of the powerfull matrix Riemann-Hilbert method.
4 A. I. APTEKAREV, J.S. DEHESA, P. SA´NCHEZ-MORENO, AND D. N. TULYAKOV
As a collorary for Hermite polynomials Hn(
√
2nz), they obtained asymptotics as
n→∞ and z belongs to
(2.7)
a) |z| ≥ 1 + δ;
b) 1− δ ≤ |z| ≤ 1 + δ;
c) |z| ≤ 1− δ,
for small δ > 0. Evidently, there are no gaps between zones and Deift et al’s
asymptotics can be used for obtaining asymptotics of (1.4) for bigger p.
Recently a new approach for obtaining the global asymptotic portrait of or-
thogonal polynomials has appeared [29]. Contrary to the matrix Riemann-Hilbert
method which starts from the weight of orthogonality, the starting point in [29] is
the recurrence relation which characterizes the orthogonal polynomials. The appli-
cation of this approach to Hermite polynomials brought an asymptotic description
in the following subdomains of R:
(2.8)
a) x2 ∈ [2n+ n 13+θ;∞);
b) x2 ∈ [2n− n 13+θ; 2n+ n 13+θ];
c) x2 ∈ [0; 2n− n 13+θ].
for θ ∈ (0; 23 ). It is worth noting that zones a) and c) in (2.8) are wider than zones
a) and c) in (2.7); in its turn zone b) in (2.7) is wider that b) in (2.8). In these
zones we take θ < 16 for Hermite polynomials. Then, it follows from Theorem 5
of [29] that:
(2.9)
in a) Hn−1(x) =
1√
2
(
x+
√
x2 − 2n)n− 12
4
√
x2 − 2n exp
(
x2 − n− x√x2 − 2n
2
)
(1 + o(1)) ,
in c) Hn−1(x) =
√
2
(√
2n
)n− 12
4
√
2n− x2 exp
(
x2 − n
2
)
× cos
((
n− 1
2
)
arcsin
(√
1− x
2
2n
)
− x
√
2n− x2
2
− pi
4
+ o(1)
)
(1 + o(1)) ,
in b) Hn−1(x) =
√
2pi
6
√
2
xn−
2
3 exp
(
x2
4
+ o(1)
)
Ai
(
−
3
√
2
2
z + o
(
n−
1
3
))
(1 + o(1)) ,
where z := 2n
x
2
3
− x 43 , and Ai denotes the Airy function (see [1], page 367).
Using these asymptotics we can obtain the main result of this section.
Theorem 2.1. Let Hn(x) be the Hermite polynomials with the standard nor-
malization (2.1). Then the frequency or entropic moments Wp[ρn−1], given by Eq.
(1.4), have for n→∞ the following asymptotic values
(2.10) Wp[ρn−1] =

cppi
p (2n)p(n−1)+1/2 e−pn (1 + o(1)) , p < 2,
2(2n)2n−
3
2 e−2n (ln(n) +O(1)) , p = 2,
2Cp 2
−p (2n)p(n−
2
3 )− 16 e−pn (1 + o(1)) , p > 2.
where the constant cp is defined in (2.5) and the constant Cp is equal to
Cp =
∫ +∞
−∞
[
2pi
3
√
2
Ai2
(
−z
3
√
2
2
)]p
dz .
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We note that the first asymptotic formula in the right hand side of (2.10)
coincides with (2.6), but now it holds true in the maximal range of p (when p = 2,
then cp = ∞); let us also highlight that the main term of the asymptotics is
growing. Moreover, the smaller terms contain a constant which depends on p, and
when p→ 0 this constant tends to infinity; however, our formula is correct for any
small fixed p > 0. We also note that the leading term of all three formulae in the
right hand side of (2.10) match each other when p→ 2.
Proof. Doing identical transformations and some evident asymptotic esti-
mates, we have from (2.9) that:
(2.11)
in a) H2n−1(x)e
−x2 =
(2n)n−1
2
e−n exp
[
(2n− 1)arccosh x√
2n
− x
√
x2 − 2n
]
×
(
x2
2n − 1
)− 12
(1 + o(1)) ;
in c) H2n−1(x)e
−x2 = (2n)n−1e−n
×
{
1− sin
[
(2n− 1) arcsin
√
1− x22n − x
√
2n− x2 + o(1)
]}
×
(
1− x22n
)− 12
(1 + o(1)) ;
in b) H2n−1(x)e
−x2 = (2n)n−
2
3 e−n
2pi
3
√
2
(
x√
2n
)2(n− 23 )
exp
(
2n− x2
2
)
×Ai2
(
− 3
√
2
2 z + o
(
n−
1
3
))
(1 + o(1)) .
Now we start to estimate the integral in (1.4). We consider the interval of
integration [0,∞) (since the integral is even) and split it in the subintervals a), b),
c) as in (2.8). And we split the interval b) in (2.8) into three subintervals:
(2.12)
b1) x
2 ∈
[
2n− n 13+θ; 2n−Mn 13
]
;
b2) x
2 ∈
[
2n−Mn 13 ; 2n+Mn 13
]
;
b3) x
2 ∈
[
2n+Mn
1
3 ; 2n+ n
1
3+θ
]
.
Thus, we have splitted x ∈ [0,∞) on five zones (see Figure 2.1).
∞
x
0
√
2n− n 13+θ
√
2n−Mn 13 √2n
√
2n+Mn
1
3
√
2n+ n
1
3+θ
c b1 b2 b3 a
Figure 2.1. Zones of R+, which gives different contribution to
the integral, depending on p.
We recall, that θ is a fixed small number, such that 0 < θ < 16 and the constant
M will be chosen depending on p.
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Making the change of variables x√
2n
= t in (2.11), we obtain for the integrals
along the interval a) in (2.8):
Ia =
∞∫
√
2n+n
1
3
+θ
(
H2n−1(x)e
−x2
)p
dx = (2n)p(n−1)+
1
2 e−pn2−p
×
∞∫
1+ 14n
θ− 2
3 +n
exp
[
p(2n− 1)arccosh t− 2ntp
√
t2 − 1 + o(1)
] dt
(t2 − 1) p2
,(2.13)
and for the interval c) in (2.8):
Ic =
∫ √2n−n 13+θ
0
(
H2n−1(x)e
−x2
)p
dx = (2n)p(n−1)+
1
2 e−pn
×
1− 14nθ−
2
3
+n∫
0
[
1− sin
(
(2n− 1) arcsin
√
1− t2 − 2nt
√
1− t2
)
+ o(1)
]p dt
(1− t2) p2
= (2n)p(n−1)+
1
2 e−pn
×
1− 14nθ−
2
3
+n∫
0
2p sin2p
(
(2n− 1) arcsin√1− t2 − 2nt√1− t2
2
− pi
4
+ o(1)
)
dt
(1− t2) p2 ,
where n = o
(
nθ−
2
3
)
.
Then we pass to the integrals along b)-(2.8). The idea to split interval b) into
three subintervals (2.12) was because we are intending to use in the subintervals b1)
and b3) in (2.12) the asymptotics of the Airy function from b)-(2.11); in b2)-(2.12)
we shall use the explicit expression for the Airy function. Noticing that for n→∞,
we have from definition of z in (2.9)
z =
2n
x
2
3
− x 43 ⇒ x '
√
2n− z
2 6
√
2n
⇒ dx = − dz
2 6
√
2n
Thus,
Ib1 =
√
2n−Mn 13∫
√
2n−n 13+θ
(
H2n−1(x)e
−x2
)p
dx
' (2n)p(n− 23 )− 16 e−pn 1
2
nθ∫
M
[
1 + sin
(
2
3
z
3
2
)]p
z−
p
2 dz,
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Ib3 =
√
2n+n
1
3
+θ∫
√
2n+Mn
1
3
(
H2n−1(x)e
−x2
)p
dx
' (2n)p(n− 23 )− 16 e−pn2−p−1
nθ∫
M
exp
(
−2
3
pz
3
2
)
z−
p
2 dx;(2.14)
Ib2 =
√
2n+Mn
1
3∫
√
2n−Mn 13
(
H2n−1(x)e
−x2
)p
dx
' (2n)p(n− 23 )− 16 e−pn2−p−1
M∫
−M
[
2pi
3
√
2
Ai2
(
−z
3
√
2
2
)]p
dz.(2.15)
The symbol ' means that the ratio of the left and right hand sides tends to unity.
Now we can analyse the contributions of the various p-depending parts of the inte-
gral of the left hand side of (2.10), when n→∞. We note, that all o(1) terms in our
asymptotic analysis are differentiable, therefore they will not make contributions
in our further estimates of the integrals.
First, we notice that the integral part of Ia in the right hand side of (2.13) is
exponentially small, and there exist constants α, c > 0, such that this integral is
estimated as O
(
nα exp
[
−cn 32 θ
])
, and for Ia we have
Ia =
(2n)p(n−1)+
1
2
2penp
O
(
nα exp
[
−cn 32 θ
])
.
Therefore this part is negligible for (2.10).
Second, we notice that the integral parts of Ib3 and Ib2 in the right hand side
of (2.14) and (2.15), respectively, are O(1) and we have
Ib2 , Ib3 = (2n)
p(n− 23 )− 16 e−pn2−p−1O(1).
When p < 2, the integral parts of Ic and Ib1 behave as O (1) and O
(
nθ
2−p
2
)
and we have
Ic = (2n)
p(n−1)+ 12 e−pnO (1) ,
Ib1 = (2n)
p(n− 23 )− 16 e
−pn
2
O
(
nθ
2−p
2
)
,
for 0 < p < 2. Therefore, when p < 2, only Ic gives contribution in (2.10). Thus,
we have proved, that (2.4) is valid for 0 < p < 2.
When p = 2, then both integral parts Ic and Ib1 have the same logarithmic
rate of growth O(lnn). Computing the constant in O we obtain in a non-trivial
way that∫ ∞
0
(
H2n−1(x)e
−x2
)2
dx = (2n)2n−
3
2 e−2n (ln(n) +O(1)) , for p = 2.
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Finally, for p > 2 as we see from (2.13)-(2.15), the integral over b)-(2.8) domi-
nates in (2.10). Thus taking M →∞, we obtain ∫ ∞
−∞
[
H2n−1(x)e
−x2
]p
dx
= (2n)p(n−
2
3 )− 16 e−pn2−p
(∫ ∞
−∞
[
2pi
3
√
2
Ai2
(
−z
3
√
2
2
)]p
dz
)
(1 + o(1)) ; p > 2.

3. Re´nyi entropy of Rydberg oscillator states
In this section Theorem 2.1 is applied to obtain the Re´nyi entropy of the Ryd-
berg states of the one-dimensional harmonic oscillator, described by the quantum-
mechanical potential V (x) = 12x
2. It is in this energetic region where the transition
from classical to quantum correspondence takes place. The physical solutions of the
Schro¨dinger equation for the harmonic oscillator system (see e.g., [12]), are given
by the wavefunctions characterized by the energies En = n +
1
2 and the quantum
probability densities
ρ˜n(x) =
1√
pin!2n
e−x
2
H2n(x) ≡ e−x
2
H˜2n(x),
where H˜n(x) denotes the orthonormal Hermite polynomials of degree n. The degree
n = 0, 1, 2, . . . labels the energetic level.
The entropic moments of these densities Wp[ρn] are expressed in terms of the
entropic moments of the Hermite polynomials as
(3.1) Wp[ρ˜n] =
1
pi
p
2 (n!)p2pn
Wp[ρn].
Thus, the entropic moments of the harmonic oscillator states are given by the en-
tropic moments of the orthonormal Hermite polynomials. Consequently, according
to equation (1.3) the Re´nyi entropy of the harmonic oscillator for both ground and
excited states is given by the concomitant Re´nyi entropy of the involved orthonor-
mal Hermite polynomials.
Let us now consider the Rydberg states of the oscillator system; that is, the
states with high and very high values of n. Then, taking into account equations
(2.10) and (3.1), we obtain the asymptotic (n→∞) values
(3.2) Wp[ρ˜n−1] =

cp (2n)
1−p
2 (1 + o(1)) , p < 2,
2pi−2(2n)−
1
2 (ln(n) +O(1)) , p = 2,
2
Cp
(2pi)p
(2n)−
1
6 (p+1) (1 + o(1)) , p > 2,
for the entropic moments of the Rydberg oscillator states. Finally, it is straightfor-
ward to have the expressions for the Re´nyi entropy of the Rydberg states as follows
from Eqs. (3.2) and (1.3).
Figure 3.1 shows the values of the Re´nyi entropy Rp[ρn] for p =
3
2 , p = 2
and p = 3, as a function of n from n = 100 to n = 1012. Notice that in all the
cases the Re´nyi entropy increases with n. This indicates that the spreading of
these states increases with n. Moreover, for the values of p considered, after some
initial intersections, the Re´nyi entropy also increases when p decreases, for very
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Figure 3.1. Re´nyi entropy Rp[ρn] for p =
3
2 (solid line), p = 2
(dashed line) and p = 3 (dotted line) of the Rydberg oscillator
states with n = 100 to n = 1012.
large values of n, (n > 107). This is also the observed behaviour when the Re´nyi
entropy is exactly calculated for low and moderate values of n (see e.g. [25]). Then,
we can conclude that the observed intersections come from the differences between
the asymptotic and the exact values of this quantity.
4. Conclusions
In this work, we have shown that the Re´nyi entropy of the one-dimensional
harmonic oscillator is exactly equal to the Re´nyi entropic integral of the involved
orthonormal Hermite polynomials. Then, we have calculated the Re´nyi entropy of
the highly excited states of the oscillator system by use of the asymptotics (n→∞)
of the Lp-norms of the Hermite polynomials Hn(x) which control the corresponding
wavefunctions. Remark that no recourse to the quasi-classical approximation has
been done. The asymptotics of the Lp-norms of Hn(x) was determined by extending
some sophisticated ideas and techniques extracted from the modern approximation
theory [2, 29]. This research opens the way to investigate the asymptotics of the
multivariate Hermite polynomials, what would allows one to compute the Re´nyi
entropy of the Rydberg states of the harmonic oscillator of arbitrary dimensionality.
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